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’ INTRODUCTION

Polymer chains that are tethered to a surface by one end and
extend outward into a fluid medium serve as a model system that
has many well-known implications, particularly in the fields of
polymer surface functionalization andmicrofulidics.1�10 It is part
of the broader field interested in characterizing the interactions
between polymers and surfaces, a motif which is ubiquitous in
polymer physics.11�17 Early work on tethered polymer chains
was performed by De Gennes in the context of a larger paper on
polymer brushes, who described their geometry using typical
Gaussian polymer statistics.15 The addition of a fluid flow was
further investigated by Brochard-Wyart, who used a scaling
Pincus-blob picture to describe the extended polymer chain.18

Extension of this picture to the case of a collapsed polymer
globule is considered by the same author, who described the
existence of a “trumpet” structure.12

Experimental investigation of tethered polymers in shear was
made possible by the introduction of fluorescently labeled
DNA molecules, and drove a resurgence of interest in this
phenomenon.19,20 These polymers can be placed in flows
controlled by microfluidic channels, and studied via fluores-
cence microscopy. Initial work was largely performed by Doyle
et al. who tackled the problem with a combination of experi-
ment, simulation, and theory.3,21 It was found that the exten-
sion of the polymer, given by the reduced extension parameter
ε = 1 � R/L (where L is the chain contour length and R is the
projection of the chain along the flow direction) is linked by a
simple scaling law to the Weissenberg number Wi, which is a
dimensionless number that compares the rate of shear flow _γ to
the characteristic relaxation time of the polymer τR.

3,21 Using a
free-draining approximation, the result for a worm-like chain
(WLC) is ε ∼ Wi�1/3 and for a freely jointed chain (FJC) is
ε ∼ Wi�2/3.3,21 The WLC results appear to match the trends
seen in experiments.3,21

Subsequent work on the behavior of tethered polymers has
focused on the dynamic aspects first observed in the work of
Doyle et al. where the end of a tethered chain appears to undergo
cyclic motion3,22�26 that is reminiscent of the “tumbling”
behavior seen in free polymers in shear flow.20,27�29 This is
explained as a coupling between thermal fluctuations and the
spatial variation in the fluid flows, and the spectral behavior of
this process has been widely studied.3,20,22�26 This effect has
been recently called into question, however, due to the repro-
duction of the same trends using simple dimer models.24

Beyond the initial work by Doyle et al., there has been little
further discussion of the equilibrium structure of a tethered chain
in fluid flow. One notable exception was a study by Serr and Netz
on the structure of polymers undergoing deformation due to
pulling forces at one end of the chain, and the consequences this
has on adsorption propensity.14 This situation is equivalent to
tethered polymers in uniform flow; however, surface confine-
ment and hydrodynamic interactions were neglected in the
aforementioned study.14 In general there has been little investi-
gation into the role of hydrodynamic interactions, particularly
hydrodynamic lift forces, on the equilibrium structure of the
chain. This is widely dismissed as being of little importance on
the overall equilibrium structure, due to the elongated nature of
the polymer chain, and therefore only the effect on relaxation
time (Rouse versus Zimm relaxation) is considered.22 In this
article, we develop a theory to supplement the initial work by
Doyle et al. by considering a chain in the near-full extension limit.
In this case, we utilize a novel approach that treats the trajectory
of the chain as a random walk of perturbations from a completely
stretched ground state whose step size is a strong function of
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ABSTRACT: In the present article, we use simulation and theory
to understand the case of flexible and semiflexible tethered
polymers in the limit of high shear flows and consequently
near-full extension of the chains. We adopt a random-walk picture
along the axis of the polymer, which in combination with a
statistical mechanical description of perturbations along the chain
contour allows us to fully characterize the geometry of the
polymer chain without any fit parameters. Incorporation of
hydrodynamic interactions is also investigated, with the hydro-
dynamic lift force inducing changes in the chain equilibrium
structure near the tether point that could have implications for
adsorption and desorption kinetics.
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both the strength of the shear flow and the contour coordinate of
a given monomer. We utilize both theory and simulation to
develop this analytical description, and demonstrate how differ-
ent conditions, in particular semiflexibility, may be incorporated
into this overall picture. We finally consider the effect of
hydrodynamic interactions, and utilize recent theories on the
hydrodynamic lift force to show that there is indeed a drastic
change in chain equilibrium structure at the tether point.11 All
theoretical results presented in this paper require no fit para-
meters, and thus provide a quantitative description of the chain
equilibrium structure.

Understanding tethered polymers in this limit has important
implications in understanding the dynamics of a flow-induced
adsorption/desorption transition, since this can often occur at
this high-flow limit.14,16,30 Previous work has demonstrated a
nuanced competition between hydrodynamic lift forces and a
flow-induced “flattening” effect, and thus it is reasonable to
assume that this case represents a likely transition state between
an adsorbed and desorbed chain.14,16,31 In particular, we postu-
late the presence of a hydrodynamic lift force at the tether point
which may drive the desorption process through an “unzipping”
mechanism.

Furthermore, it is beneficial to have a detailed understanding
of tethered chain geometries for a wide range of applications. For
example, tethered polymers are often used as decoration to
impart chemical functionality or physical properties on biopoly-
mer surfaces.6�8 This functionality is often coupled directly to
chain conformations,6�8 which we demonstrate in this article can
be predicted in the presence of simple shear. The ability to know
the spatial distribution of, for example, the chain end as a function
of shear could lead to predictive models of how ligand-decorated
surfaces interact with their surroundings in flows.8 The case of a
tethered molecule is also important in the context of single-
molecule manipulation, which specifically aims to use flow to
dictate molecular conformations in a controllable way for
technologies such as DNA sorting or molecular-level device
creation.9,10 In these applications, it is vital that a complete and
accurate description of the conformational behaviors and hydro-
dynamic forces is available.

’SIMULATION METHODS

Weuse a Brownian dynamics bead�springmodel to represent
a polymer chain tethered at a surface. To do this, we consider N
beads that reside in a potential U that is a function of the springs
connecting each bead, the excluded volume of neighboring
beads, an optional bending energy term, and the excluded
volume of the wall. The form of this is given as:

~U ¼ k~
2 ∑
N � 1

i¼ 1
ð~riþ1, i � 2Þ2

þ ~u ∑
ij

2
~ri, j

 !12
� 2

2
~ri, j

 !60
@

1
A

þ k~B
2 ∑

N � 1

i¼ 1
ðθiþ1 � θiÞ2 þ ~Uwall ð1Þ

where ~U = U/kT is a dimensionless energy, k~ = ka2/kT is a
dimensionless spring constant, k~B = kBa

2/kT is the bending
spring constant between two adjacent links at angles θi+1 and θi,

~ri,j = r/a is the dimensionless distance between bead I and j,
and ~Uwall is the wall potential given by:

~Uwall ¼
�4 lnð~z� 1Þ þ 4~z� 8 ~z < 2
0 ~z g 2

(
ð2Þ

We note that this potential diverges at ~z = 1 since the center of
mass of a bead of radius ~a = 1 that is flush with the surface at ~z = 0
is at ~z = 1. This is a soft potential that only takes effect at points
very close to the surface. It has been verified that the exact shape
of this potential has no profound effect on the properties of the
tethered chain, so long as the potential remains repulsive and
local. The tether point was created by fixing the position of the
first bead of the chain at ~x = ~y = 0 and ~z = 2. In general, all values
designated with a tilde are dimensionless, with all distances
normalized by a, all energies normalized by kT, and all times
normalized by the characteristic diffusion time of an individual
monomer τ0 = 6πηa3/(kT).

This potential is used as an input to the Langevin equation,
which describes the motion of a bead i at position ~ri:

∂~ri
∂~t

¼ ~v∞ð~riÞ � ∑
j
ðμ~ij∇rj

~Uð~tÞ þ ∇~ri 3 ~DijÞ þ ξ~ið~tÞ ð3Þ

where~v∞(~ri) =~_γ~ri,zx̂ is the solventflowprofile (in this case, simple
shear, where~_γ is the shear rate magnitude and x̂ is a unit vector in
the x-direction). ξ~i is a random velocity that satisfies Æξ~i(~t)ξ~j(~t0)æ =
2μ~δ(~t �~t0), and D = kBTμij such that ~D = μ~ij. μ~ij is the mobility
matrix, which in our simulations is represented in one of two
different ways: with and without hydrodynamic interactions
(HI). The non-HI case is known as the Freely�Draining
approximation (FD), which dictates that each bead of radius a
feels a constant drag coefficient given by the Stokes mobility μ0 =
1/(6πηSa), where ηS is the solvent viscosity. In the dimension-
less case, the mobility thus becomes simply μ~ij = Iδij. In the HI
case, we represent the mobility matrix in the form known as the
Blake�Rotne�Prager tensor, which is given in a large number of
references.1,5,16,32�35 Conceptually, the Blake�Rotne�Prager
tensor considers hydrodynamic interactions between finite-size
beads in a low-Reynolds number solvent in the vicinity of a
surface, and has been shown to correlate extremely well with
experiment.1,5,16,32�36 By considering both the FD and HI
conditions, we gain insight into the influence of HI on the
equilibrium structure of a tethered polymer.

We organize this paper into twomain sections: first we present
a theory section where we derive the main theoretical results, and
there is a subsequent discussion section comparing the theory to
simulation results. We finalize the paper with our conclusions
and future prospects.

’THEORY OF STRONGLY-STRETCHED CHAINS

To develop this theory, we first derive the most simple case of
a freely jointed chain (FJC) with no hydrodynamic interactions
(HI). The incorporation of semiflexibility (WLC characteristics)
and HI will be subsequently considered.
FJC, NoHI.The overall picture of a tethered chain in the highly

stretched limit is demonstrated in Figure 1. We assume a
geometry of a stretched chain that is in a ground state that is
completely straight chain ofN beads of radius a that is tethered at
a distance z0 from the surface. The surface is at a height z = 0 and
extends outward in the x � y plane. Viewing the polymer chain
along its fully stretched axis, we can consider perturbations of a
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given link of index n, where n goes from 1 to N along the z and y
directions with a distance of magnitudeΔlz and Δly respectively.
Locally, these perturbations are essentially cylindrically sym-
metric, and constitute a randomly oriented step of length Δl(n),
which is a function of the distance along the polymer contour n.
From this perspective, the geometry of the polymer can be
described as a randomwalk from the tether point at height z0, and
its time-averaged equilibrium distribution function in the z-
direction can be described by the straightforward solution of
the diffusion equation that describes a point source near a
surface. The form of this equation is the traditional Gaussian
distribution centered around z0 with an image distribution at�z0
to account for the no-flux and complete depletion boundary
conditions at a surface at z = 0:

Pðz, n, :γ, z0, fzngÞ ¼ Cðe�ðz � z0Þ2=2Sn½
:
γ, fzng�

� e�ðz þ z0Þ2=2Sn½
:
γ, fzng�Þ ð4Þ

where P(z,n, _γ,z0,{zn}) is the probability distribution function in
the z-direction, C is a normalization constant, _γ is the shear rate,
and Sn[ _γ,{zn}] is a functional that describes the width of the
distribution along a given direction (for a simple Gaussian
distribution, this would be the square of the variance):

Sn½ :γ, fzng� ¼ 1
2

Z n

0
ÆΔl2æðn0, :γ, zn0 Þ dn0 ð5Þ

where ÆΔl2æ(n0, _γ,zn0) is the mean squared displacement at index
n0 and {zn} is the set of z coordinates for every bead index n. We
note that, if ÆΔl2æ is constant, we retain the well-known result for
a random walk Sn[ _γ,{zn}] = nÆΔl2æ. For the case of a tethered
chain, however, ÆΔl2æ is a function of the location along the
contour of the chain as demonstrated in Figure 1.
In the case of a FJC, we expect the major driving force toward

the completely stretched ground state is the tensile force FT along
the chain (as opposed to chain rigidity, which we will account for
in the next section). Figure 1 provides a schematic of this driving
force, which can be described as a torque J T that is a function
of the bond angle with relation to the surface plane θ. This is
given by:

J T, n ¼ � 2FT, nsin θna ð6Þ

where we have introduced the subscript n to reinforce that these
are local variables that can change as a value of position along the
chain contour n. This can be integrated over θn to yield the
associated energy Un:

~Un ¼
Z θn

0
2~FT, n sin θ0ndθ

0
n ≈ ~FT, nθ

2
n ð7Þ

where we have now replaced all values by their dimensionless
counterparts. The end result of the above equation is due to the
crucial approximation in this treatment of the tethered polymer,
which is that θn always remains small. This will be true only in the
high shear limit, and this is ultimately what prevents this
approach from being relevant over all values of _γ. This approx-
imation is necessary to develop an analytical partition function qn
of bond n, which is given by

qn ¼
Z π=2

0
eln θn � ~Un dθn≈

Z ∞

0
θne

�~FT, nθn
2

dθn ¼ 1

2~FT, n
ð8Þ

where we have assumed that ~FT,n is large enough that the upper
limit in the integral can be taken as ∞ rather than π/2. We
include an entropic term ln θn that accounts for the linear
increase of degeneracy with θn. It is straightforward to calculate
ÆΔl2æn with this approach:

ÆΔ~l2æn ≈
4
qn

Z ∞

0
θ3e�~FT, nθn

2

dθn ¼ 4
~FT, n

ð9Þ

The only variable thus required is the tensile force ~FT,n at index n.
In its most general form ~FT,n is a functional ~FT,n [ _γ,{zn}] that
depends on the overall contour of the chain:

~FT, n½ :γ, fzng� ¼
Z N

n

~FF, n0 ð :γ, zn0 Þ dn0 ð10Þ
where ~FF,n( _γ,zn0) is the force exerted by the flow on a bead of
index n0. Thus, the tension force at a given point along the chain is
determined by the trajectory of the chain beyond that point. This
is difficult to solve in an analytic fashion, however in the limit of
highly stretched chains we can assume that the trajectory will be
nearly flat along the surface. This means that there is some
average height ~d that remains roughly constant along the length
of the entire chain. By assuming this geometry, we obtain a
simple relationship for the fluid force on a given location along

Figure 1. Schematic demonstrating the geometry of the tethered chain and the definition of the relevant variables. When a tethered chain beginning at
height z0 from the surface consisting ofN links separated by distance 2a is in a strong simple shear flow, the chain lies roughly parallel to the surface plane
in a direction here defined as the x direction (top left). In the z � y plane, the chain appears to undergo a random walk from the tether point with
increasing step size ÆΔln2æ with increasing n (bottom left). In this theory, this distance ÆΔln2æ is calculated by developing an analytical expression for the
partition function of an individual link as it undergoes an angular perturbation θn from the horizontal ground state (right). This energy associated with
this is due to the torqueJ n applied by the chain tensile force FT,n. A bending energy constant kB can also be introduced to consider correlations between
adjacent values of θn.



9023 dx.doi.org/10.1021/ma201808c |Macromolecules 2011, 44, 9020–9028

Macromolecules ARTICLE

the chain:

~FF, n0 ¼ μ~�1~_γ~d ¼ ~_γ~d ð11Þ
where we are dealing with the FD case, μ~ = 1. We can then create
a final form for ÆΔ~l2æn,z:

ÆΔ~l2æn, z ¼ 4
~_γ~dðN � nÞ ð12Þ

This is incorporated into the equation for Sn[ _γ,{~zn}]:

Sn½ :γ, f~zng� ¼ 1
2

Z n

0

4
~_γ~dðN � n0Þ dn

0 ¼ 2
~_γ~d

ln
N

N � n

� �
ð13Þ

and finally:

Pð~z, n, :γ,~z0Þ ¼ Cðe�ð~z � ~z0Þ2=f4=~_γ~dgfln½N=ðN � nÞ�g

� e�ð~z þ ~z0Þ2=f4=~_γ~dgfln½N=ðN � nÞ�gÞ ð14Þ
A final form of this probability enables the calculation of the mean
trajectory of the polymer:

Æ~zæðnÞ ¼

Z ∞

0
~zPð~z, n,~_γ ,~z0Þ d~zZ ∞

0
Pð~z, n,~_γ ,~z0Þ d~z

¼ ~z0 erf
~z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4
~_γ~d

ln
N

N � n

� �s
2
666664

3
777775

0
BBBBB@

1
CCCCCA

�1

ð15Þ

This is essentially the result for a tethered polymer in a homogeneous
flow, with a velocity ofγ~~d, due to the original assumption of constant
~d. To obtain the correct result for shear flow, we must relax this
assumption self-consistently. We still assume a linear force profile
given by the combination eq 10 and eq 11, but now replace the
average value of ~d with the actual height at that location, Æ~zæ(n). The
introductionof this into eq14 yields a neweq15, and this process can
be iterated until convergence is attained.
Influence of Semiflexibility. The previous section assumed

that the energy associated with the perturbation of a single link
from a fully stretched orientation is completely due to the fluid
flow. Semiflexible polymers, however, may also have a bending
energy associated with a change in orientation. The method
given above for determining the partition function of an ideal
chain can also be adopted for the case of a semiflexible chain. We
introduce a variable k~B that describes the bending energy of a
given bond with relation to the previous bond:

~UB, n ¼ k~B
2
ðθnþ1 � θnÞ2 ð16Þ

A summation of bending energy over the entire chain yields the
result:

∑
N � 1

n

~UB, n ¼ ∑
N � 1

n

k~B
2
ðθnþ1 � θnÞ2

¼ ∑
N � 1

n
ðk~Bθn2 � k~Bθnþ1θnÞ ð17Þ

While this is a straightforward rewriting of the summation, it
demonstrates one important characteristic of tethered semiflex-
ible polymer chains; namely, the bending energy produces a
correlation effect on adjacent beads (shown by the second term
in the far right manifestation of the summation). This problem
has become very difficult to solve due to the existence of

these two-link interactions. To allow for an analytical solu-
tion, we use a mean field approximation and replace the value
θn+1 with Æθn2æ01/2, which is the root-mean-square angle for a
flexible chain. We can then write the entire energy of any
given link:

~Un ¼ ð~FT, n þ k~BÞθn2 � k~Æθn2æ0
1=2

θn

¼ ð~FT, n þ k~BÞθn2 � k~B
~FT, n

1=2

0
@

1
Aθn

¼ Aθn
2 � Bθn ð18Þ

where in the last step we define the values A = ~FT,n + k~B and
B = k~B/~FT,n

1/2. We define a ratio that compares the mean
square angle Æθn2æ0 of a chain where B = 0, and the mean
square angle Æθn2æ where B 6¼ 0. This constitutes a correla-
tion factor that describes the additional directional correla-
tion imparted by the bending energy:

Æθn2æ
Æθn2æ0

¼

Z ∞

0
θn

3e�Aθn
2 þ Bθn dθnZ ∞

0
θn

3e�Aθn
2

dθn

¼ 1 þ
ffiffiffi
π

p
yey

2ð1� erfðyÞÞ
2ð1 þ ffiffiffi

π
p

yey2ð1� erfðyÞÞÞ þ y2 ð19Þ

where y = B/(2(A)1/2) is a dimensionless comparison of the
energy associated with the bending correlation to the energy
associated with the uncorrelated perturbations. For the
polymers in this article, where the fluid flow is large and
the chain is highly elongated, we can take the limit y f 0:

Æθn2æ
Æθn2æ0

≈ 1 þ
ffiffiffi
π

p
k~B

4ð~FT, n2 þ ~FT, nk~BÞ1=2
ð20Þ

This can then be incorporated into the calculation of Sn[ _γ,{zn}]:

Sn½ :γ, f~zng�

¼ 1
2

Z n

0
ÆΔl2æðn0, :γ, zn0 Þ Æθn

2æ
Æθn2æ0

ðn0, :γ, zn0 Þ dn0 ð21Þ

¼ 1
2

Z n

0

4
~_γ~dðN � n0Þ 1 þ

ffiffiffi
π

p
k~B

4ðð~_γ~dðN � n0ÞÞ2 þ ~_γ~dðN � n0Þk~BÞ1=2
" #

dn0

ð22Þ

¼ 1
~_γ~d

2ln
N

N � n

� �
þ ffiffiffi

π
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ k~B

~_γ~dðN � nÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ k~B

~_γ~dN

svuut
0
B@

1
CA

2
64

3
75

ð23Þ

This result can be incorporated into eq 4, in the same fashion as in
eq 14. Furthermore, this equation can be incorporated into the
equation for the average trajectory of the chain calculated for the
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FJC in eq 15:

Æ~zæðnÞ ¼ ~z0 erf
~z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sn½~_γ , f~zng�
q
2
64

3
75

0
B@

1
CA
�1

ð24Þ

which again allows for a self-consistent treatment.
Effect of HI. Traditionally, the effect of hydrodynamic inter-

actions on, tethered polymers has largely been considered
negligible.21,23 This is due to the low density of polymer along
the chain, such that screening is not a large effect, and the
major dynamic effects (due to Rouse versus Zimm relaxation
time scales) are incorporated naturally by considering the
Weissenberg number, which scales all times by the chain relaxa-
tion time regardless of the theory used.22 We can incorporate
these effects into our theory, and identify a “tether kink” that
constitutes a previously unidentified structural feature that is
solely due to the hydrodynamic interactions between the poly-
mer and the surface. This is due to the hydrodynamic lift force, an
effect that has proven to be influential in near-surface hydro-
dynamics in work throughout the past decade.5,11,13,16,37�40 We
can incorporate the elements of recent near-surface hydrody-
namic lift force theory into our theory of tethered chains in a
straightforward manner.11

For polymer chains that lie along a plane that is parallel to the
surface plane, it can be shown that the lift force at index n, ~FL,n is
given by the equation:11

~FL, n ¼ ∑
N

i
μ~n, i~Fi ð25Þ

where the mobility describing the effect of force ~Fi on the lift
force FL,n is given by μ~n,i =�9rx~d

3(rx
2 + 4~d2)�5/2 where rx is the

x-distance between bead i and a bead at position n along the chain
contour.11 Figure 2 demonstrates the main force balance that
takes place on a given bead, with the tension force gradient
(∂~FT,n/∂n) ≈ ~_γ~df = ~FF,n providing a net force in the x-direction
and the lift force ~FL,n = Σi

N μ~n,i~_γ~df providing a net force in the z-
direction. We introduce a variable f that accounts for the lower
effective shear force due to screening. This is a quasi-empirical
parameter, but it will be sufficient for our purposes since most
beads are in similar environments. Simulation verification of
the validity of this assumption is given in the next section. We
can then calculate the angle ϕn that a given bond will be at by

the equation:

ϕn ¼ arctan
~FL, n
~FF, n

≈
~FL, n
~FF, n

¼ 9~d3

16 ∑
N

i¼ 1

ðn� iÞ
ððn� iÞ2 þ ~d2Þ5=2

ð26Þ

A notable feature of this result is that, as long as the assumptions
are met (highly stretched chain limit), the trajectory of the
tethered chain at the tether point is independent of the shear
rate since both the lift force and chain tension gradient are
proportional to ~_γ . We can incorporate this feature into the
previous formula given for the average z-coordinate of an index n:

ÆzæðnÞ ¼ ∑
n

n0 ¼ 1

2aϕn0 þ ~z0 erf
~z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sn½~_γ , f~zng�
q
2
64

3
75

0
B@

1
CA
�1

ð27Þ

In the case of a continuous representation of the chain, the
summations would simply be replaced by integrals.

’DISCUSSIONS

Brownian dynamics simulations were performed to verify the
validity of the analytical theory presented in the previous section.
Each simulation ran for >108τ, to ensure that good averaging was
achieved. The polymer was tethered at a point z0 = 2a above the
surface, and the potential diverges such that a given bead never
falls below a distance a from the surface. To accomplish this, the
potential used is a soft one so there is a range of values 0 < z0 < 1
that may be obtained depending on the overall distribution. For
most of the result data,N = 50 and 0.1 <~_γ< 10. This ensures that
the chain is in its strongly stretched limit.

For the initial state of our theory, we choose an approximate
force profile:

FT, n ¼
Z n

N

~_γ~zn0 dn
0 ≈ ~_γ~dðN � nÞ ð28Þ

that represents the tensile force along the chain for a completely
straight chain. This assumption can be relaxed by self-consis-
tently solving for ~zn by using eq 15 and eq 13. This is a well-
behaved solution method, since we can show via simulation data
that the approximation shown in eq 28 is very close to reality. We
demonstrate this in Figure 3, where the force versus index plot is
shown for a wide variety of ~_γ for both the FD and HI cases. Ft
lines representing eq 28 are shown to match well for both cases
using the values ~d = 2 for part a, and ~d = 3 and f = 0.7 for part b
(see figure). We note that this result becomes increasingly
accurate as the shear rate ~_γ gets large, due to the approach of
the system to its completely stretched ground state. The choice
of this ground-state geometry to describe the initial values for the
set {~zn} of all the z-components of the chain contour is therefore
a natural one.

This initial condition is used to determine the values for
Sn[~_γ ,{~zn}], Æ~zæ(n), and P(n,~z) using eq 13, eq 14, and eq 15. A
comparison of these equations and the theoretical values for
these metrics can be made to simulation data. For a freely
draining polymer that is a freely jointed chain, we demonstrate
these comparisons in Figure 4 and Figure 5. Figure 4 demonstrates a
complete fit between the theory and the z-direction probability
distribution function for a wide range of values of n and ~_γ = 10

Figure 2. Introduction of hydrodynamic interactions into the geometry
of a tethered polymer is accomplished by considering the lift force FL,n
on a segment n as it compares to the net force of the flow FF,n ≈ FT,n �
FT,n+1 on the same segment. The ratio of the two forces FL,n/FF,n
describes the direction of that given segment ϕn. There is a resulting z-
displacement 2aϕn that can be added to the contour of the nonhydro-
dynamic interacting chain to yield the chain trajectory. This results in a
characteristic “tether kink” like the one shown in this figure.
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(Figure 4a) and 1 (Figure 4b). For both cases, it is clear that a
quantitative prediction can be made using this theory, with the only
significant differences between simulation and theory occurring
at values of high n and low z. At these points, there is a larger
than expected presence of the bead near the wall. We attribute
this to two reasons: the soft potential used in modeling the wall
in the simulation, which we expect would disappear by con-
sidering a much steeper wall potential, and the assumption of a
linear force profile along the chain, which is less accurate at high
values of n. This deviation is rather minor, however. In
Figure 5a, we see that there is quantitative matching between
the average chain trajectory given by both theory and simula-
tion, without any adjustable parameters. Deviations are only
seen at high n, due to the same effects described for deviations
in Figure 4. This excellent agreement remains even at relatively
low shear rates, demonstrating that this method offers robust

prediction of tethered polymer geometries. We plot in Figure 5b
the theoretical values of Sn[~_γ ,{zn}] as a function of n for a
number of shear rates ~_γ . This represents the time-averaged
underlying geometry of the tethered chain, where a time-
averaged cloud representation of a chain displays a cone-like
shape at low values of n (near the tether point) that transitions to
a bell-like flare at n ∼ N. This is indeed seen in simulation, as
shown by a direct qualitative comparison of theory to a cloud
representation of simulation data in Figure 6. This general shape
is furthermore seen universally in both experimental and simula-
tion data from other sources, which qualitatively supports our
theory (comparison of our theory to the images by Lueth and
Shaqfeh is particularly striking).21,23

While a majority of these results are given for chains ofN = 50,
we can show that these results demonstrate the appropriate
behavior even at other values ofN. In Figure 7, we plotN= 50, 30,

Figure 3. Tensile force ~FT,n as a function of the link index n for a number of shear rates ~_γ . Simulation data is given by the points, and theoretical
predictions are given by the lines. Results for freely draining (a) and hydrodynamic interacting (b) are shown, with ~d = 2 used for FD and ~d = 3, f = 0.7
used for HI. Values for ~d are chosen based on simulation observations.

Figure 4. Normalized probability distribution functions P(~z,n) as a function of the z-position of bead n for tethered chains in shear flows of~_γ = 1.0 (a)
and ~_γ = 10.0 (b). Theoretical predictions are shown by lines, and symbols represent simulation data. Because of the soft wall potential and excluded
volume interactions, the surface is effectively located at z ≈ 1.5, so z0 is chosen to be z0 = 0.5. Excellent agreement between simulation and theory is
observed, with no adjustable parameters.
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and 20 for a number of values~_γ . The same theory is incorporated
into these results, and likewise quantitative matching is achieved
with no adjustable parameters. We see that the fit is not as good at

lowerN, which is expected since the linear force profile assumption
becomes less accurate in this limit.

The incorporation of semiflexibility into the theory also
matches quantitatively to simulation results. Figure 8 demon-
strates the average trajectory Æ~zæ(n) vs n of tethered polymers
for a number of shear rates ~_γ and bending energies k~B.
Unsurprisingly, the effect of rigidity on the polymer increases
with decreasing shear rate. This is due to the correlation of
bonds along the chain at high bending energies; the increased
values of Æθnæ bias the partition function function through the
introduction of the term that is linear in θn in eq 18, B = k~B/
~FT,n

1/2. The form of this term is noteworthy in that it com-
pares the bending constant k~B to the constant associated with
the flow-induced straightening ~FT,n which is a function of n. At
low n, the latter term is large and thus the difference between
the FJC and the semiflexible chain is negligible. There is only a
difference, therefore, once the condition is met that k~B ∼
~FT,n

1/2, which occurs at large n. This agrees qualitatively with

Figure 5. Mean trajectory of this polymer is shown in (a) as the Æ~zæ versus n, for both theory (lines) and simulation (symbols) for a wide range of~_γ . With
no adjustable parameters, it is clear that this theory is applicable over a wide range of shear rates, with the only apparent deviations occurring at large
values of n. We attribute this to the soft wall potential, which results in a larger than expected tail in P(~z,n) at low-z at large values of n. Error bars are
shown when the error is larger than the symbol size. (b) The mean square distance from the tether point, Sn[~_γ ,{~zn}] plotted as a function of the bead
index n for a number of values ~_γ . This gives an indication of the overall shape of the equilibrium, averaged polymer structure.

Figure 6. Plot of (Sn[~_γ ,{~zn}])
1/2 as a function of n for a tethered

polymer N = 50 and~_γ = 1.0. The simulation of the same polymer under
the same conditions, represented as a cloud of a large sample of visited
points, is positioned below this graph and is viewed from the top-down
(along the z axis). Theory predicts that the “cone” geometry of the cloud
and the plotted line should follow the same curve shape. Qualitative
matching can be observed upon direct visual comparison.

Figure 7. Average trajectory for a surface-tethered chain (Æ~zæ vs n) in a
wide range of shear flows~_γ for a number of chain lengthsN = 20, 30, and
50. Quantitative agreement between theory (lines) and simulation
(symbols) is seen for all values of N, verifying the general validity of
this theory. Error bars are shown when the error is larger than the
symbol size.

Figure 8. Average trajectory for a surface-tethered chain (Æ~zæ vs n) in a
wide range of shear flows~_γ for a number of chain bending constants k~B.
There is quantitative agreement between theory (lines) and simulation
(symbols) for all values of ~_γ and k~B, with the graph displaying the
intuitive feature of having the largest geometric differences at high n and
low~_γ . Error bars are shown when the error is larger than the symbol size.
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the form of the traces in Figure 8, where there is a difference
between chains with different k~B values only at the far ends of
the chain.

The incorporation of hydrodynamic interactions into the
simulations is also demonstrated, and we can verify that there
are indeed features that are characteristic of chains with HI that
are not present in FD chains. This is shown in Figure 9, which
plots the trajectory Æ~zæ(n) versus n. While it is clear that the same
general trends are followed in the overall chain trajectory
compared to the FD case, HI effects importantly modify the
chain behavior in the low-n trajectory. For the curves that are
shown, it is apparent that this trajectory is universal and not
effected by changes in ~_γ . This is predicted by the theory, which
again demonstrates quantitative matching with the simulation
data. We stress that this universal trajectory is entirely due to the
geometrical parameters, and the lift force only plays a major role
at the ends of the polymer due to the semi-infinite geometry.
Away from the ends, a given monomer feels the effects of
surrounding monomers that appear to extend quasi-infinitely
in both directions, and therefore feels no lift force due to the
antisymmetry of the HI tensor around a point force. It is also
important to note that a discretized calculation is done in this
case; in the case of a real polymer, we expect that a continuous
representation would be more appropriate. Finally, we can
incorporate in an effective manner the effect of screening on
the polymer chain. This is apparent by considering Figure 3,
which shows that the force profile along the chain is approxi-
mately linear, much like the case of a FD polymer. The
presence of HI, however, results in considerable screening
effects such that a “screening factor” f describes the potency of
the shear flow. From fitting the simulation data in Figure 3, we
obtain the result f ≈ 0.7, which is what is successfully used in
the above theory.

’CONCLUSIONS

We have developed a model describing, without adjustable
parameters, the geometry of a polymer that is tethered to a surface
in the presence of a shear flow. This model accurately reproduces
simulation results for both the average trajectory of the chain in
space and also the time-averaged spatial distribution of monomers
around this average trajectory. When hydrodynamic effects are
included, a previously unobserved “tether kink” feature is predicted.

The theory described in this paper is based on the idea that a
tethered polymer that is held in shear flow can be well-repre-
sented by creating an analogy with point-source diffusion near a
surface. As long as the partition function of a given link can be
represented as a function of n, an analytical expression for the
distribution function of the z-coordinate can be developed in a
self-consistent manner. This theory provides quantitative pre-
dictions for chain geometry as a function of shear rate ~_γ by
considering the partition function for the deviation of individual
bonds from the fully stretched ground-state in a freely jointed
chain, and then treating these deviations as steps in a random-
walk diffusion process from the tether point. A simple mean-field
type model is used to account for short-range correlations
between adjacent links in the case of a semiflexible chain. The
model used for semiflexibility in these simulations can be
translated into the parameters of a worm-like chain in a straight-
forward manner.41 The deviations of this chain from the FJC is
captured by the dimensionless value of the parameter B, which
compares the energy associated with bending energy to the energy
associated with fluid flow drag forces. Finally, the effect of
hydrodynamic interactions is incorporated into the model by
considering the implications of screening and lift forces on the
equilibrium structure of the tethered chain.Wedevelop theory and
simulation to describe the universal “tether kink” geometry and
demonstrate that it is independent of shear for high shear rates.

Tethered chains in the presence of a shear flow is an important
problem that has implications in surface functionalization, micro-
fluidic control of single-chain polymers, and perhaps most
importantly, adsorption phenomena. This article introduces
important effects for the latter, especially. It has long been known
that the adsorption and desorption of chains in the presence of
fluid flows involves a competition between hydrodynamic lift and
favorable surface interactions.16,31 Since a partially adsorbed
chain resembles the geometry of a tethered chain, our results
elucidate the forces present on such a chain due to the hydro-
dynamics. In particular, a full accounting of the lift force in the
context of this geometry shows that its effect on a chain will only
be upward and non-negligible in the vicinity of the tether point.
This means that there is no lift force to prevent readsorption of
the desorped chain segment away from the tether point, and in
fact our results reveal that the “lift force” is actually toward the
surface at the free chain end such that readsorption may be
enhanced.
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